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ETA INVARIANTS OF DIRAC OPERATORS
ON FOLIATED MANIFOLDS

GORAN PERIC

ABSTRACT. We define the eta function of Dirac operators on foliated mani-
folds. We show that the eta functions are regular at the origin thus defining
corresponding eta invariants of foliated manifolds. Under the hypothesis of
invertibility of the operator in question, we prove the Atiyah-Singer relative in-
dex theorem for Dirac operators on foliated manifolds. Then we discuss the
homotopy invariance of the index with respect to secondary data.

A foliation of the smooth manifold M is a partition of M into p-dimen-
sional submanifolds, called leaves, so that the tangent spaces to the leaves form
an integrable bundle. Locally, a foliation is a fibration. However, a leaf can pass
infinitely often through the given coordinate patch so that globally the situation
is much more complicated.

Foliations carry interesting differential operators such as the Laplace-Beltrami
operator, Dirac and signature operators, etc. In this setting one would expect to
have a sort of index theorem, ind(D) = average index over the leaves, analo-
gous to the Atiyah-Singer index theorem for fibrations. There are two essential
difficulties.

First, leaves of a compact foliation may be noncompact so that the operator
under consideration can have an infinite-dimensional kernel or cokernel, and
thus the index makes no sense. Second, the space of leaves is not in general a
standard Borel measure space so that there is no way of averaging over it.

A. Connes has realized that the space of leaves can be replaced by a “non-
commutative space,” that is a C* algebra C;(G) of the holonomy groupoid
G. In the case of fibrations F — M — B this algebra is isomorphic to
C(B) ® % , where % is the algebra of compact operators on L?(F). That
suggested Ko(C(G)) as a home for the index. Imposing the condition of the
invariant transverse measure v on the foliation gives rise to a trace ®, on
C}(G) and thus a real number ind, (D) = ®,(ind(D)) € R. This is an analytic
index.

Connes Index Theorem. ind, (D) = (ch(D) Todd(M), [C,]).

Here C, stands for the Ruelle-Sullivan current associated to the invariant
transverse measure v .
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This article is divided into three parts. In the first part we consider an ana-
logue of the Atiyah-Patodi-Singer eta function of the Dirac-type operator on the
foliated manifold A . In the second part we derive the generalization of the
Atiyah-Patodi-Singer relative index theorem for Dirac operators. In the third
part we conjecture the index formula for foliated cylinder and discuss the ho-
motopy invariance of ind,‘, with respect to secondary data. Our basic results
are the following:

Theorem A. Let & : T (M, S) - T'°(M, S) be a tangential Dirac-type oper-
ator on the foliated manifold M . Then its eta function,

(<2, s)=0,(Z exp(—t2?))

is a well-defined and meromorphic function for Re(s) < 0 with eventually simple
poles at (dim% —k)/2 (k=0,1,2,...). n(Z,s) isregularat s=0.!

Theorem B. Let (M, %) be a foliated spin manifold of odd dimension p en-
dowed with the holonomy invariant measure v. Let S — M be a correspond-
ing tangential spin bundle and E — M a tangentially smooth bundle. Let
Dy TPM,SQ®E) > T®M,S®E), 0<u<1l, bea family of (v-a.e.)
invertible Dirac operators associated with the family VE of connections on the
bundle E and the spinor connection VS . Then

dn@u, 9)|  _ / a,(x, Dy, Z2)dv
M

du

s=0

where the integrand is a certain tangential form which as a class in H.(M , F)
is given by
‘ Vs S TN _
ap(x,.@u,.@uz)= Z <—2———-> —.————I—FA,,iﬂtr(y/ﬂQ’E l).
4i42j=p—1 T (-
Qg = Qg(u) is the curvature of VE and y isa 1-form V¥ —VE.
Theorem C. On the cosphere bundle S*F to the foliation F of M there is the
following formula for the ind) :

ind, (2, po, p1, ¢) = (Tche(Vo, V1) che(n,(a(D))) Todd. (M), [C,]).

The author would like to express his sincere gratitude to Professor H. Mosco-
vici for valuable discussions and encouragement.

0. PRELIMINARIES

In this section we collect the necessary facts about operators along the leaves
of fcliation. For a thorough exposition, the reader is referred to [C1 and MS].

The holonomy groupoid. Let (M, #) be a closed manifold with a foliation
Z of dimension p (or codimension ¢) and H: m(/, x) — Homeoo(R?) a
holonomy of a leaf /. A holonomy groupoid G = G(M, ¥) is the quotient
of the fundamental groupoid of # by the equivalence relation [y;] ~ [y.] iff
71(0) = 72(0), y1(1) = y2(1), and H(y;'y) =id.G = G(M, F) is a (nonhaus-
dorff) (2p + q)-dimensional manifold. The canonical mappings r,s: G — M,

TAfter this work was completed, it was brought to our attention that M. Ramachandran has
independently proved the existence of eta invariant on foliated manifold.
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r(x,y,[y]) =x, s(x,y,[y]) =y, are open mappings and s: G*¥ — [(x) is a
holonomy covering [W].

Let A = {4*} be a family of measures on {G*}, each of which is obtained
from a leafwise Riemannian metric such that the assignment x — G* is mea-
surable. If there exists a holonomy invariant transverse measure v then G
becomes the measured groupoid (G, i), where

A(E) = / AENGY)du(x) and u= / dv.
M
Moreover, the Hilbert space L?(G, ji) decomposes as a direct integral
(0.1) LG, i) = [ LA(G*, #)du().
®

The left regular representation of the measured groupoid (G, ji) is the fam-
ily {L,} of isometries L,: L2(G°®"), 2*")) — L2(G'™, ™) induced by the
multiplication by y~! from the left, y € G.

Foliation algebras. Let C° ’O(G) denote the space of all tangentially smooth
functions of G with compact support (here we assume that G is Hausdorff).
CZ%Q(G)) is the x-algebra with involution, and for each x € M there is a
natural representation 7, of C° ’O(G) into the algebra of bounded operators
on the Hilbert space L?(G*, A¥). It is given by

(me@)y)y = GX(/’(V—IVI)W(VI)d)-X(VI),

v € CQ(G), v € L*(GY).

The reduced C* algebra of the groupoid G(M , %), C}(G), is the completion
of C°%(G) with respect to the norm ||g|| = SUP, e Imx (@)l -

The von Neumann algebra of a foliation, W*(G, %), can be characterized as
a set of all operators m on L%(G, ji) which have the direct integral decompo-
sition m = [ m, dv and whose disintegration factors m, commute (u almost
everywhere) with the left regular representation {L,}. W?*(G,.%) contains
C}(G) as a dense subalgebra.

In the presence of a transverse measure v there is a canonical faithful, semi-
finite normal trace ®, on W*(G, % ). It is obtained essentially by integrating
local traces against the transverse measure v .

(0.2)

Tangential cohomology. Let #; be the sheaf of germs of tangentially locally
constant real-valued functions on M and let % be the sheaf of germs of locally
constant real-valued functions on M . Then there is a short exact sequence of
sheaves

(0.3) 0B — R — R|F: — 0.

The tangential cohomology H; (M, R) is defined as H*(M , #,), the coho-
mology of the sheaf %#,. H}(M,R) is not necessarily Hausdorff as a topo-
logical vector space, the largest Hausdorff quotient of H}(M, R) is called a

reduced tangential cohomology and denoted by ﬁ;(M ,R).

The sheaf map # — Z#; induces a “restriction” map r.: H}g(M,R) —
_1-7:(M , R), and the tangential characteristic classes are by definition the images
by r. of the “standard” characteristic classes, e.g., Todd. (M, ¥ ) = r, Todd(M) .
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The Riesz Representation Theorem (cf. [MS, pp. 128-132]) establishes an
isomorphism between invariant transverse Radon measures M T(M) and the

top-dimensional tangential cohomology, H;(M ,R). For a given transverse

measure v and a tangentially smooth form @ it is defined by the pairing
(0.4) (w,u)=/ wdv, we Q(M).
M

Important for our applications will be the corollary that if the integrals of two
p-dimensional tangential forms coincide for every invariant transverse Radon
measure, then so do the forms as classes in H’,’(M ,R).

Tangential operators. A tangential G-operator is a family (Py)xea of left
GX-invariant linear operators

(0.5) P.: C*(G*, s*(E))) —» C*(G*, s*(Ey)).

Left invariance implies the existence of the vector-valued distribution K on G
whose restriction K|« = k satisfies k(71, 72) = K(y'72) so that

06) P& = [ KO mEn) i)

for every & € C=%s*(E;)) (in the weak sense). A tangential G-operator
is called smoothing if its distributional kernel K is of the class C*:0 on
Z (G). Examples of tangential G-operators are tangential differential opera-
tors obtained as follows. Let D:I'$(M, E,) — I'*°(M, E;) be a differen-
tial operator in which every foliation chart Q = U x V' has the form Dq =
Ylaj<m da(X, ¥)DY, where a,(x, y) is of class C>-0 and D2 differentiates
along the plaques. Let {¢;,} be a finite partition of unity subordinated to
foliation charts. Then the lift of D = ) ,(¢;D) via the holonomy covering
s: G* — I(x) is clearly a tangential G-operator.

D is said to be tangentially elliptic if its highest order symbol (D) is in-
vertible over the cosphere bundle S*% .

Proposition 0.1 [C,]. Let v be an invariant transverse measure with associated
trace ®, on W*(M ,F). Then each tangential differential operator D which
has a continuous extension to

(0.7) WG, E) = W2 (G, E)

(s > dimF = p) isin the domain of ®, and there is a constant c, independent
of D, such that

(0.8) |, (D)| < cliDlly-s ws-

In the sequel we will be using mostly Dirac-type operators as defined in [GL].
The letter D will be reserved for arbitrary tangential differential operators while
Z will stand for the Dirac or Dirac-type tangential operators.

For the thorough discussion of the analysis on foliated manifolds the reader
is referred to [C1], [C2] or [MS].

1. THE ETA INVARIANT

Lemma 1.1. Let {A;}ic; be an increasing net of selfadjoint bounded operators
on the field of Hilbert space H;. Assume that the family {A;}ic; is bounded
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above by the operator B: H — H . Then there exists a bounded and selfadjoint
operator A: H — H such that

(1.1) A = sup A;.
iel
Moreover, A = s-lim;e;A; (strong limit).
Proof. Standard. See [Y] for instance.
Lemma 1.2. Let T: L*(G, u) — L*(G, u) be an (unbounded) nonnegative

selfadjoint operator. Let f be a bounded Borel measurable function so that
f(T)e W*(G, n). Then

(1.2) ®,(f(T)) = /0 " f(x) dax)

where o = ®,A and A is a spectral resolution of T .

Proof. Suppose {B;}2, is a disjoint family of Borel subsets of R. Then
A(Ui, Bi) is an increasing net of selfadjoint bounded operators, A(J", B;)
is bounded above by A(U; S, B;) < A(R) = 1. By Lemma 1.1 there exists
sup, A(U_, B:) and sup, A(U._, Bi) = s-lim, A(U_, B;). Thus A(UL,B;) =
sup, A(Jj_, Bi) by the strong continuity of the spectral measure A. By the
normality of @, , we have

(1.3) ®,4 (G B,-) =®d, supi (O B,») =sup®d,4 (LnJ Bi) = G(D,,,I(B,-)
" " i=1

i=1 i=1 i=1

what proves g-additivity of v = ®, 4.

The proof of the equality (1.2) is similar. One starts with simple functions
and relies on Lemma 1.1. This completes the proof.

Let D:T°(M, E) - I'>°(M, E) be a tangential tangentially elliptic differ-
ential operator. The following is motivated by the estimate in [CG]:

Proposition 1.3. For every s € C, Re(s) <0, the integral

/oo (=02, (De=P") dt
1

is convergent.
Proof. |ts=112| < ¢Re)=D/2 < y=1/2 (0 < t < 0o, implies

(1.4) / 16~ (D) d1| < / t6=D2| | @, (De~"P*)| d1t
1 1

(1.5) < / =12, (De=P*)| dit < / =120, (|Dle~"7") dt.
1 1

Now Lemma 1.2 applied to the operator T = D? = |D|? gives the existence of
the Borel measure u on R such that the last integral is equal to

(1.6) /1 12 4y /0 Aot gy (3.
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/OOOA'/Zdﬂ(l) /loot"/ze‘“dt
(1.7) =/Oooll/ze“d,u(/1) /loo t=12e=2=1 gy
=/Oooe“ldu(i)/ooo(u+A)“/2e‘“du
g/ooe‘ld,u(/l)/oo u=2e " du

0 0

(1.9) = nl/z/ e~ rdu(d) = n'2®,(e7P") < oo
0

We estimate

(1.8)

Proposition 1.4. Let (M, %) be a closed foliated space and & : T (M , S) —
I'°(M, S) a Dirac-type operator. Then there exists a family of tangentially
smooth and locally computable functions {¥m}m>o so that the kernel K,(x,y, n)
of the operator D exp(—t2?) has the asymptotic expansion
(1.10) Ki(x,x,n)~ Y (m=r=02y, (x, n)

m>0
where p = dim% . Moreover, the remainder terms implicit in the expansion are
uniformly bounded on M .

Proof. This is a modification of a classical proof about heat kernel asymptotics
(see, e.g., [R]). It uses a bounded geometry of leaves and is explained in [P1].

Corollary 1.5. ¥,, are locally bounded tangential measures, ¥, = 0 if m is
even.

Proof. The proof uses Gilkey’s invariance theory and explicit form of ¥, . See
[P1] for details. O

Using the fact that the trace of an operator is the integral of its kernel, from
Proposition 1.4 and Corollary 1.5 we obtain

(1.11) D, (D exp(—tD?)) = Zﬂm-ﬂ-?)ﬂ/ ¥Y,.(2)dv,
M

m>0
1 1
- - (s—=1)/2 2
F(s+1)/2/0 t D, (D exp(—tZ*))

~ Z#/ ¥,.(Z)dv,
mZOS+m—p M

where I' is the Gamma function and Re(s) < 0.
Definition 1.6.

ng,s) =

(1.12)

1
I'((s+1)/2)
Thus from Proposition 1.3, Corollary 1.5 and (1.12) we see that n(<, s)
is a well-defined and meromorphic function with eventually simple poles at
(dim& -k)/2 (k=0,1,2,...).
Next we show that the eta function of a Dirac operator on an even-dimen-
sional foliation vanishes.

/ t5~D2Q, (D exp(—t2?)) dt, Re(s) < 0.
0
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Lemma 1.7. If dim& = p is even then the Dirac operator & : L*(G, 1) —
L*(G, A) has a symmetric spectrum with respect to the origin.

Proof. Indeed, for p even one defines a “volume form” w € I';(Cliff(T*%))
locally representable as

(1.13) w=i"%ee;- ey

where i = /=1 and {e;, e, ..., en} is a local orthonormal basis of T*% .
o has the following properties:

(1.14) 0w =1, V=0, we = —ew

where V is the connection on Cliff(7*%) induced by the tangential Levi-Civita

connection on 7. , and e € T* is a unit vector (see [LM]). From (1.14) it

follows that there exists an orthogonal decomposition of S =S+ ¢ S~ into the

+1 eigenbundles of w. In fact S* = (1+ w)S. Z switches the (sections of )

eigenbundles S* and gives rise to a pair of operators Z*: I';(S*) — I(S¥),
0 9-

g+t 0

It can be checked that the decompositions above yield to
LY M, S)=L{M,S")e LX(M,S")

(1.15) .@:[

and an analogous decomposition for D . Clearly the same holds for each holon-
omy covering G* and each Z,, the lifting of &, to G*, x € [. In short, we
can write L*(G*, s*(S)) = L*(G*, s*(S*)) ® L*(G*, s*(S™)) and

0 97
g5 0
forevery x € M and every [ € M/% , x € [. Now it can be easily seen that
[ 9 4] is the unitary equivalence between &, and —Z, and, moreover, that

0 1 o 11"
(1.17) [_1 O]P"[—l O] =-P,
for every spectral projection P, of &,, x € M. This completes the proof.

Corollary 1.8. If dim.# is even then n(< ,s) =0 for every s € C, Re(s) <0.

Proof. Lemma 1.7 implies that < exp(—t2?) has a symmetric spectrum as
well, so by Lemma 1.2, ®,(Z exp(-t2?)) = 0. Hence the result.

When dim.# is odd then the regularity of the eta function at the origin
follows from the deep result of Bismut and Fried [BF]. They show that the
ordinary local trace of a Dirac operator satisfies tr(Z exp(—t2?)) = O(t'/?),
t 1 0. Since v— trace can be locally approximated by the regular trace (cf. [C1]
their result applies to our setting to give

(1.18) Ki(x,x,n)~ Y (m=p=02, (x, n).

m>p+2

(1.16) D, = [

Together with (1.12) this implies the regularity of the 5 function at the origin.
We collect previously obtained results in
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Theorem 1.9. Let & : T (M, S) — I'*°(M, S) be a tangential Dirac-type op-
erator on the foliated manifold M . Then its eta function,

D, s) = D, (L exp(—12?))
is a well-defined and meromorphic function for Re(s) < 0 with eventually simple
poles at (dim¥% —k)/2 (k=0,1,2,...). n(<Z,s) isregularat s =0.

However, if the restriction of the operator D to v-almost all leaves is in-
vertible, then we can prove a stronger statement than in Proposition 1.3 and
Theorem 1.9.

Lemma 1.10. If D: (M, S) - T'(M, S) is (v-a.e.) invertible then the in-
tegral [;° t6=D/2®,(Dexp(—tD?))dt is analyticin s € C and n(D, s) extends
to the whole complex plane.

Proof. 0 ¢ o(D) implies that D=**! exists and by Proposition 0.1, D~**! ¢
Dom(®,) for k large enough. By Proposition 1.2,

(1.19) / x 1 da(x) < oo, a=®,4,
where A denotes the spectral measure of D. Now
16=D2@, (De~P*) = /oo {5=02xe=15" doy(x)

(1.20) -
— / t(s—l)/Zxke—txz(x—k+l da(x))

It can be easily checked that ¢(x) = xke~**" satisfies ¢(x) < ¢, t*/2, ¢, being
independent of x, hence

t(s‘”/2<I>,,(De“Dz) <q /Oo t(s—k—l)/Zx—kH da(x)

= 5kt(s_k—1)/2,
Therefore, given s € C, then
(1.21) / (=112, (De~P*) dt < oo
1

since k can be chosen to be arbitrarily large. The integral

o0
/ (=020, (De=1P*) di
1

is uniformly convergent in s; t6~D/2®,(De~'P*) is continuous in ¢ and uni-
formly bounded in s by an integrable function. It follows that

5 - / {5=D2, (De~'0) d1
1

is an entire function (see, e.g., [E]).
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Proposition 1.11. Let &,: T°(M,S) - I'*(M,S), 0<u <1, be a smooth,
one-parameter family of (v-a.e.) invertible Dirac-type operators. Then,

an(Zy, e
n(du 2 = —s®,(Zul 2”7

(a) o= 2
”F<<s+1)/2)20s+n_p“n<9u’9u>, Re(s) > 0,

dnZ,,0) -1

() du T T

l ap(gua 9142)’
2

where 2, denotes differentiation with respect to u and a,(D,, D?2) is a local
invariant obtained by integrating certain tangential measure against transverse
measure. O

We only remark that the condition Re(s) > 0 under (a) is possible because
of the analyticity of the tail [ 1¢~V/2®,(Z exp(-t2?))dt. The proof of
Proposition 1.11 will be omitted. By using Lemma 1.14 it can be obtained as a
modification of a known proof (cf. [APS] and [P1]). Before we proceed to the
proof of the index theorem we will explain how the Dirac and boundary Dirac
operators are related.

Suppose N = M x [0, 1) is a spin manifold, dim N = 2n, &Z: I'**(S*) —
I'%°(S~) is a half Dirac operator, and S*, .S~ are spinor bundles associated to
irreducible representations of Spin(2n). When the metric on the collar neigh-
borhood of M x {0} C N is a product metric, one can write

(1.22) D+ =c(d(n)) (;—n + A+)

where c(d(n)) is a Clifford multiplication by unit normal dn, n inward coor-
dinate on [0, 1). The operator c(d(n)) switches S* to ST thus 4* acts as
AT Te(S*) - T'ee(S*). At is called the boundary Dirac operator.

As ¢(d(n))? = —1, it follows that a(A")¢ = —c(d(n))c(&), E€ T*M . S*|y
can be identified with the spinor bundle of M, S(M), so AT: T°(S(M)) —
I'°(S(M)). Define volume elements w;, = i"e;---€2, and wy,—; = i"e;---
€y,_ and the isomorphism 7,: S(M) — St|y, 7+(d) = ¢ + wr,d. We claim
that the following diagram is commutative:

A+
Sl " St

L Lo
S @O g
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Proof. Let ¢ € S(M), & € T*(M). Then

(1.23) ! (—C(d(n))C(é))u(v =15 (—c(d(n))e(€))(9 + c(w2n)p)
(1.24) (—c(d( = c(d(n))c(§)c(wan)e)
(1.25) =fI‘(—C(d(n)) o - C(d(n))C(é)C( d(n))c(w2n-1)9)
(1.26) (—c(d( ¢
(c(wz,,_l) is the central element in
CI(TM) since dim M is odd)

(1.27) = 13! (=c(d(n))c(€)p + c(w2n-1)c(€)p)
(1.28) = 15 (—c(d(n))c(@an—1)c(@2n-1)c(€) 9 + c(@2n-1)c(&)9)
(1.29) = 17! (c(@2n) + 1) (c(@20-1)c(£))9 = c(@20-1)c(&)p-

Lemma 1.12. Let A% be the boundary Dirac operator,
AT TS M) = T2 (S m).
Then A* is naturally isomorphic to the operator

(1.30) I SM)) S Te(T* M o S(M)) = ro(s ().

Proof. We have proved it already on the level of symbols. The Levi-Civita
connection on N = M x [0, 1) is just the flat extension of the Levi-Civita
connection from M . Since w,,_;, w,, are globally parallel it follows also
that the second square

re(S(M) - Te(T*M @ S(M))
! !
Te(S*y) > TR(T*M @ (S*|u))
is also commutative. This completes the proof of the lemma.

2. A GENERALIZATION OF THE RELATIVE INDEX THEOREM

Recall the setting for the relative index theorem. Given the two unitary
representations of the fundamental group of M, say p;: m(M) — U(n) (i =
0, 1), one forms flat bundles V; = M, x C" (M is the universal covering of
M) . These bundles have discrete structure groups and inherited flat connections
Vi (i=0,1). Then Z:I*(M,SQFE) - T°(M, S®FE) can be extended to
operators 9;: I'®*(M, S®E®V;)) - I'™*(M, SQE®V;) (i=0, 1) so that each
Z; is locally isomorphic to & ® I ; in particular, &;’s have the same principal
symbol. If, besides the representations p;, additional secondary data is given,
namely an isomorphism ¢ of bundles ¥, and ¥}, then we can regard operators
Z; as defined on the same bundle (replacing &, by ¢~ 'Z,¢) and define the
family 9, = (1-u)Zp+uZ; (0<u<1) of operatorson I'’°(M, SREQV),
V=",.

Theorem 2.1. Let (M , %) be a foliated spin manifold of odd dimension p. Let
S — M be a corresponding tangential spin bundle and E — M a coefficient
bundle. Let 2,:T®*(M,SQE) -T®(M,S®E), 0<u<1, bea family of
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invertible Dirac operators associated with the family VE of connections on the
bundle E and the spinor connection VS . Then

2.1) W) = [ ayix, G, Z)dv
s=0 M

du

where

. 1\’ ~ .

(2.2) ay(x, 9,9} = | Z (g) ﬁA,,i ntr(y nQ;

4i+2j=p—1
as a class in Ho(M, F). Qp = Qg(u) is the curvature of VS @ VE and y is
a 1-form VS @ VE -vS g VE.
Proof. According to Proposition 1.11, dn(Z,, s)/du|s—o is given by the integral
of some tangential measure a, against the transverse measure v . A change of
orientation of the tangential bundle of # yields a sign change of a,. So a,
must be a tangentially smooth form. Restrict a, to a leaf /. It is proved
in the appendix that the restriction a,|; of a, to the leaf / is equal to the
right-hand side of (2.2). Hence the integral of a, with respect to any Radon
invariant transverse measure v coincides with the integral of the right-hand
side of (2.2). By the Corollary of the Hahn-Banach Theorem (see (0.4) or [MS,
pp. 128-132]) it follows that

23 402 m= Y (%) sopA@nuvng))

4u+2v=p+1

as classes in Ho(M, ). Hence the result. O

If we assume that each &, is invertible then dn(<,, s)/du = dn(u, s)/du
is a well-defined R-valued function. The variation

(2.4) (@, 0) - (@, 0 /d” du

5s=0
=/ du/ ay(x, Dy, D2)du
M 0
(2.5) =/ a,(x,Z)dv
M

is called the relative index of & and denoted by ind,‘,(po ,P1,0,9).
Next we show that under the described conditions we get a generalization of
the Atiyah-Patodi-Singer relative index theorem.

Theorem 2.2.
ind, (po, p2, ¢, D) = (Tch(V§ , YY) che(n,(a(2))) Todd,(M), [C,])

where [C,] is the Ruelle-Sullivan class.

Lemma 2.3. Let E — M be an n-dimensional tangentially smooth vector bundle
over the compact foliated manifold M . Then there exists, up to a constant, a
unique mapping I.: Q:.(E) — Qi(M) from the tangentially smooth compactly
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supported forms on E to the tangentially smooth forms on M satisfying the
following properties:

(1) I isa Qi(M) module homomorphism, i.e.,
L(n*(B)Na)=BNI(a), a€Qi(E), Be QM)
2) [padu= [, L(a)dv, a e Q; (E).

Here du is the holonomy invariant measure on the foliation of E induced by
the measure v .

The proof of Lemma 2.3 is a straightforward generalization of the “integra-
tion along the fibre.”

Lemma 24. If p=dim¥ and 4i=p—-2j+1, i,j €N, then
(2.6) {I(ch™(n4(0(2))) Todd (M) }p—2j41 = A{(M)
in _ﬁf (M, %). Here /TT(M ) is the tangential A-roof genus of M .

Proof. This is a fairly involved topological calculation. A proof may be found
in [Sh].

Proof of Theorem 2.2. We claim that

2.7)  ind"(Zk, p1, po) = 1(Z1 £, 0) = N(Zo, k£, 0)

(2.8) = / Tch' (Vg , Vi, p)ch'(a(n.(Zk))) Todd, (M) du.
5(F)

From Theorem 2.1 we have

dn(u, s) ~ 2
—_ =a,(x,Y,, D}
(2.9) Mobe T
' \/—1)’ PN -
= Y (5] —4eintryn QL)
4i+2j=p—1 < n ) - 1r
where y 1is a connection 1-form of
(2.10) %VE®V=%(VE®I+I®V5)=I®W
and y! is the connection 1-form of
d d
(2.11) %VK: %[(l—u)Vg+uV{/]=V{’—Vg.

Also, Qrgy is a derivation, Qrgy = Qr ® I + 1 ® Q) . Consequently,
tr(y NQgy) =t @y (Qe @ I+ 10 Qy) ]

(2.12) = ng_l Wtr(Q‘}E)tr(y/‘ nay).

Consequently,

(2.13)
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Thus, dn(u, s)/du|s—o equals
v-1\" 1 _ -
T r—1 T
(2.14) /M {ch (E)Z<—2n ) 7o tr(y N Q) AL

2j-1
So, from (2.13) and Lemma 2.4 we have dn(Zegy u, §)/duls—o equals

4i+2j—1=p

@13) | >0( )mtr(me'V-l)ch’(E)(I,(ch’(n+(a)))Todd,(M)dv

and, by the Q}(M) linearity of I.,

(2.16)
1
— tr(y N Q!
-/, >O( 2) e

« I[ch*(E)(ch™(E)(ch* (7 (0)))] Todd (M) dv
(2.17)

/ ( ) ( _11 'tl‘(l//ﬁQ;/_I)Cht(ﬂ+(a(95)))Toddr(M)a"u.
S(%) 130 r—1)

Now we use the assumption that Vo and V, are flat. It can be easily shown
that the curvature Qp = Qp , satisfies Qy = (u—u?)y' Ay'. Thus integrating
the above equality with respect to # and taking into account that for the flat
tangential connections Vo and V,, d Tchi(Vy, V;) = chi (V) — chi(Vo),

(2.18)  9(21,£,0) =12k, 0) =ind (Zk, p1, po)
@19) = [ Te'(VY, VY, p)ch(r. (o)) Todd:(M) d
S(¥)

as claimed. O

Remark. From Lemma 1.12 we know that the leading symbol of the boundary
Dirac operator 2% and the leading symbol of the Dirac operator & satisfy
0(2%) = c(wy)a(Z). Since p is odd, w, is central in Cliff(7*%) and it is
easily seen that 7, (6(22)) = n,(d(Zk)). Thus formula (2.19) gives the index
of the boundary Dirac 2% operator as well.

Next we derive the criteria for the invertibility of Dirac operators

Dy TOSQERV)-T®SQEQV).

If no confusion can arise, the parameter u will be omitted and, if not otherwise
stated, all quantities under consideration will be assumed as restricted to some
fixed leaf /.

Each leaf / of .% 1is a complete manifold and the Bochner-Weitzenbock
identity

(2.20) D =V'V+ ik + A

holds on every /. Here V*V is a certain selfadjoint operator, and on simple
vectors Fy is given by

l p
(2.21) Ro(o®e)=>5 Y. ejea®RICE(e)
o
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(cf. [GL]). k is the scalar curvature of / and Re’;?‘,’f is the curvature trans-

formation of V ® E associated to the tensor product connection V,’,’ ® VE,
0<u< 1. Put %] =sup{(Zop, 9): 9 € (M,V®E), |¢|] = 1}. Note
that there exists a constant ¢, > 0 depending only on p = dim/ such that

(2.22) 1% 251l < cp IRV ®E]|

where RV®E is the curvature of ¥ ® E. The constant ¢, can be estimated
explicitly. It is known that « > 4%0’/@5 implies KerZ = {0} and that x >
4%, ®E +¢ for some ¢ > 0 implies the invertibility of &: W)} — L? (see [GL]).
Since the curvature tensor of V' ®F is a derivation and the curvature 2-form Q,

of RV isgivenby Q, = (u—u2)y Ay, where y = V! —=V? e [(AV ®End V),
we have

(2.23) IRSE) < IRl + |IRF|| < max (u - w2l + IR

(2.24) < LIyl + IIRE.
The condition for the invertibility of the family
Dy TPSQVRE)-TP(SQV®E)
is
(2.25) K2 4651w+ IRE) +e,  w=V'-Ve>0.

We distinguish two important cases: E = ¢!, a one-dimensional trivial bundle,
and E = S, the spinor bundle over ¥ .

Case 1. E = ¢!, then %, = 0 and the condition for the invertibility of the
family 9,: W)} — L? is
(2.26) K>2||VI -V +e  (v-ae.).

Again by Lemma 1.12 we have that (2.26) is also the condition for the invert-
ibility of the family associated to the boundary Dirac operator.

Case 2. E =S, R* can be estimated in terms of the curvature of the leaf / as
follows:

1
(2.27) RS 0= 5 ) (Re.e/(€), €)epeqo.
p<q
(2.28) IRS|Z = IR . 113
i<j
Now

(229) IR o = sup (RS 0, R )
ol=

1
(2.30) = 7 Sup <Z<Re,.,e,e,,, €)ep€q0, Y (Re, c/6r es)eres0>
lo]=1 p<q r<s
1
(2.31) =2 sup Zz(Rei,ejep s €3)(Re; e,€r 5 €5)(€p€q0 , €r€50).

lol=1 p<q res

It is easy to see that only p = r and g = s terms survive, so we get
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1
(2.32) = 22 I(Re, e, ).
p<q
Consequently,
1 1
(233)  IRSIE=DCIRE o I3 = 3 D_ D Re 8- &) = ZIIRIE-
i<j i<j p<q

Hence, the condition for the invertibility of the family is

K > 2¢,(|lw?)| + LIIRI) + e,

(2.34) .
¢ >0, R = curv. tensor of T.F restricted to a leaf /.

To summarize, we have the following corollaries:

Corollary 2.5. Let Z,:T*(S®V) > T*(S®V), 0<u <1, be afamily
of operators associated to a Dirac (resp. boundary Dirac) operator via unitary
representations p;: (M) — U(n) (i = 1,2) and an isomorphism ¢ . If the
metric g on M satisfies the property (2.26) then the eta invariant of the family
D, (resp. DY) is a smooth real-valued function of the parameter u. The local
quantity ap(x, D, D?) is computable in terms of the metric and connection

jets. As a class in H.(M, R), it is given by the formula
i
p 2y -1 1 T i—1
@39 awgngh= ¥ (%) oA 0w n i)

where A, is the tangential A-roof polynomial, g = g(u), and y = V' — V0.

Corollary 2.6. Let D58 :T®(ATF @ V) — I'®(ATF ® V) be a family of
operators associated to a boundary signature operator via unitary representations
pi:mi(M) — U(n) (i =1, 2) and an isomorphism ¢ . If condition (2.34) holds
true then the eta invariant of the family Z,fig" is a smooth real-valued function
of the parameter u. The form ay(x, D%, (2;*")?) is locally computable in
terms of the metric and connection jets. As a class in ﬁ’,’(M , R) it is given by
the formula

a,(x, D3 (Dsen)?)
(2.36) STV )
B 4,~+2jz_l=p <_2;—) G—_T)!'Lj(g) Nntr(y NQy )

where L is the tangential Hirzebruch polynomial, g = g(u), and y = V' -V?°.

Proof of Corollary 2.6. We assume dim% = p, p = 4/ + 1. The boundary
tangential signature operator is isomorphic to the tangential Dirac operator with
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coefficients in S, the total spinor bundle of 7.% . Hence
(2.37)
ap(x, D3, (Z55)?)

-1\ 1
= Z <%> WAT jﬂtr(t//ﬂQS®V)

4j+2i—1=p
(2.38) |
e A N (i— 1)
4j+2i—1=p p+g=i—1
(2.39)
~ v-1\" 1 -
- Y hy X as (G) g
4j+2i—1=p q+r=i
(2.40)

{Z:A,,ﬂchT Z(g) ﬁtr(wﬂﬂ{,“)} .

p
Now, the generating functions for ¥, A4, and L polynomials are

H Xi/2 H X; H Xi
tanh(x;/2)’ exp(x;/2) — exp(—x;/2)’ tanh x;
respectively. Also, ch,(S) = [[(exp(x;/2) +exp( xi/2)), chy(S) =0, godd
(cf. [APS]). Thus we have 2°*1.% = ch(S)4 and .% = 2L, i.e., A;ch,(S) =
2+1-49)/21 45 = 4j + 2q . Applying the “restriction” homomorphlsm

*

re: Hyp(M ,R) —» H, (M, R)
gives the equality for tangential characteristic classes. Substituting it in (2.40)
gives the claimed result, i.e., (2.36). O
Remark. Connes and Skandalis construct in [CS] a map
(2.41) Ind;: K;(BG(M , F)) — K.(C} (M, F))
from the &¢-twisted K-theory of BG(M , #) to the C*-algebraic K-theory of
C} (M, %), which they call the topological index map. The relative index map
ind! (po, p1, @, D) factors through K°(S(M, F)) (cf. [P1]). Also, there is
a natural map of K-theories, 9: K°(S(M, ¥)) — K}(BG(M , F)), obtained
from the exact sequence of the pair (B(&), S(&)). Thus there is a well-defined
map
(2.42) Ind,l 0d: KUSM,F))— K;(BG(M, F)) - K\(C(M,F))

and therefore a well-defined element Ind,l o d[op] € K\(C}(M,F)), where
[op] € KO%(S(M, F)) is the symbol class of a tangential pseudodifferential
operator D.
The generalization of Theorems 2.1 and 2.2 would be to identify Ind,l o d[op]
and to show that if ¥ admits a holonomy invariant measure v then
J
(2.43) cInd,'é[aD]= Z (ﬂ> G- ! )A, ,ﬂtr(y/nQ’ ')eH( M)

4i+2j=p—1
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and

®, Ind! 8[op] = ind} (po, p1, ¢, D)
= (Tche(Vo, V1) che(n, (a(D)) Todd«(M), [C]).

Here c: K\(CY(M, %)) — ﬁf (M) is the suspension of a partial Chern char-
acter (cf. [MS, H]). This will be taken up in [P3].

3. INDEX THEOREM ON A FOLIATED CYLINDER

Assume that (M, %) is a compact foliated spin manifold, dim.% odd, and
v a holonomy invariant transverse measure on % . On the foliated cylinder
(M x[0, 1], F x[0, 1]) construct the holonomy invariant measure g = v x 4,
where A is the Lebesgue measure on [0, 1].

Let 9 be a tangential Dirac operator Z: I'°(M, S®E) - I'?°(M, SQE)
with coefficients in a bundle £ — M . 2 can be identified as the restriction
to the boundary of &} : T'°(M x [0, 1], ST®E) - T*(M x[0,1],S"®E),
where S* is the half spinor bundle over M x [0, 1], Sty = S.

In order to have a well-defined boundary problem assume that & restricted
to the leaves of M is invertible (see [BC] for the corresponding discussion on
fibrations). Topologically, invertibility means that & is trivial in

KK (C(M), Cx(M, F)).

Impose the global Atiyah-Patodi-Singer boundary conditions. Then there is a
strong evidence that the following is true:

Conjecture. I :T(M x[0,1],S*®E) - I'(M x[0,1],S” ®E) isa
Fredholm operator in the sense of Breuer in W*(M x [0, 1], & x [0, 1]) and
its index is given by the (expected) formula

(3.1) index, () = (4, ch.(E), [C,]) + 11(0).

Example 1. Let (M, %) be a compact foliated manifold, v an invariant trans-
verse measure, dim.# odd. Assume g; (i =1, 2) are the two metrics on 7.
so that g; lies in the same connected component of the space of metrics of (v
a.e.) positive scalar curvature. Let y(u) (0 < u < 1) be a curve joining g
and g,.

Consider the family &, of Dirac operators associated to a metric gy, and
a corresponding eta invariant 5(<Z,). Then,

(3.2) n(g2) - n(gy) = /M Ax 0dwed)

where d(v ® A) is the holonomy invariant measure for the foliation & x I
obtained from v and the standard Lebesgue measure A on the unit interval I.

Example 2. Suppose M is foliated by (v a.e.) compact leaves, dim¥ =
4k — 1. Pick any two metrics g (i = 1,2) and a path y joining them.
Construct a family of boundary signature operators Z;®" associated to the
given metrics.

Although this family is not invertible it has the property that on every leaf
[, dimKerZ;®" = const. (equal to the appropriate Betti number), and thus




778 GORAN PERIC

n(25#) is a well-defined R-valued differentiable function (cf. [APS]).

(3.3) n(g2) - n(g1) = /M Le(x, 1)d(v ® 4).

Remark. Example 2 can be generalized to foliations obtained by suspension,
ie. foliations on M = X Xz,x) U(n), where X is the universal covering
of some compact manifold X and 7;(X) acts on the unitary group U(n).
The leaf of M passing through [x, id] € X,,x) x U(n) is the covering space
X/{gem(X),gx=x}of X, xeX.

Let us now discuss the homotopy invariance of the variation 7,,(0) — 74,(0)
in the presence of the conjecture.

Denote by R the space of all unitary n-dimensional representations of the
fundamental group 7,(M) = n of the compact foliated space M. Let a;, a;
be elements of R and y a curve in R joining «; and a,. Let Ex — Bz be
a principal 7 bundle with contractible total space En. Then Bn is called the
classifying space of the group 7. Let f: M — Brn be a map classifying the
universal cover M of M.

Construct a rank n vector bundle F — Bzn x R over Bzn x R as follows:
consider the action of 7 on Ezn x R x C" given by

(3.4) (EmxRxC")xnm—EnxRxC",
(3.5) (e, a,v),7) = (ey, a, a(y)v).

Define the vector bundle F over Bnx R tobe (Emx RxC")/n. The property
of F is that F|pgx. is the flat unitary vector bundle over Brn defined by «.
Let E = (fx1)*F be the vector bundle over M x R. By the Kiinneth Theorem
in cohomology, we have ch(F) = >, x&;, x; € H*(Bn,R), & € H*(R, R).
It follows that if y; = f*(x;), then ch(E) =3,y

We consider Bn and R as spaces foliated by one leaf so that ch(F) and
ch(E) can be interpreted as tangential cohomology classes.

Proposition 3.1. Let (M, % ,S) be a compact foliated spin manifold. Assume
that M admits a Riemannian metric with leafwise positive scalar curvature.
Then, as in the notation above,

(3.6) Moy (0) = 1y (0 Z / A (M)y;dv / & dA.

Proof. Let St — M x y be a spin bundle over M x y associated to the irre-
ducible representation of Spin(dim.# +1), and let & be the associated Dirac
operator, defined using the metric g ® dt> and acting on the space of tangen-
tially smooth section of S* ® E|yx,. If g has a positive scalar curvature on
M so does g ®dt?> on M x y. By a standard argument using the Weitzenbdck
formula and the fact that E|j, is flat, we conclude that indy & vanishes.
According to the conjecture,

0 = ind,(Z7)

= [ AMx ) h(ENAW © D)+ 5(10,(0) 1, (0)).
Mxy

(3.7)
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From the discussion above,

(3.8) /M XyAA,(M % ) ch(E)d(v & 1) = Z /M A(M)y;dv /y £da

(using multiplicativity of A, polynomial). This completes the proof. O

Corollary 3.2. Suppose that the assumptions of Proposition 3.1 are satisfied.
Then the variation n,,(0) — 1,,(0) is homotopy invariant with respect to «;

(i=1,2) if
(3.9) Z /M A(M)yidv = 0.

Corollary (3.2) is closely related to the generalized J. Rosenberg’s conjecture:
If (M,%) is a spin foliation of a closed manifold M admitting a metric

of leafwise positive scalar curvature, and if n = =n;(M), then for all x €
H*(Bn,R),

(3.10) /M/I,f*(x) - 0.

4. APPENDIX

smooth tangential form such that
= [ wdv
du |, /

We prove the statement needed in Theorem 2.1, that is, if @ is a tangentially
(4'1) d”(du,s)

where the family &, of Dirac operators is as described in Theorem 2.1, then
the restriction w|; of w to a leaf / can be evaluated according to the rule

NN i
(4.2) Cl)|1 = 4 Z (7) mAt’[ntr(WﬂQE®V),
4i+2j=p—1

w|; locally computable (cf. Proposition 1.11), and according to Gilkey’s theory
is expressible in terms of the universal characteristic forms, depending on the
dimension but not on the manifold.

Proposition 4.1. Let Z,: T>*(M,5 ,SQE) - TI'®(M, % ,S®FE) be an in-
vertible family of tangential Dirac operators depending smoothly on u € [0, 1].
Then the restriction of the form w as above satisfies

(4.3) o= ) (l/z—;) ﬁA,,intr(anJE—').

Similar computations are done in several places so we will be brief. According
to analysis as in [G1], it can be shown that @ = w|; has the general form

(4.4) w= Y Pg)nt(ynQ "
4i+2j=p—1

4i+2j=p—1

where P;(g) is the characteristic 4i-form of 7/. We evaluate P;(g) using
compact spin /’s. The following lemma is well known.
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Lemma 4.2. Let M; (i = 1,2) be oriented compact and spin Riemannian
manifolds, and let W; be coefficient bundles over M; with given connections V, .
Let M = M, x M, and W, @ W, with the product metric and connection. Let
dim M; be odd and dim M, be even. Let &, (resp. <,) be the boundary Dirac
operators over M (resp. M) with coefficients in W (resp. W)). Let & be the
(half) Dirac operator over M, with coefficients in W,. Then n(2) = n(<25)
index (Z). O

Proof of Proposition 4.1. Choose i, 0<i<p/4,andlet 4i+2j—1=p. Let
dimM; =2j -1, dim M, = 4i. Assume that the Pontriagin classes of M; are
trivial (this can be easily done). Let (W, Vi) be the pullback of a bundle and
connection over M;. Then

d%f@l) - P,-(g)Mz/ tr(y N Q)

4.5) S ;
~ [ P [ wtvnay?)

M, M,

by (4.4). By Lemma 4.2,
dn(21) _ dn(Zy) index(D)

(4 a a s
- [ momuwney) [ )
M| Mz
Since dn(2,)/du is not zero it follows that
(4.7) Py(&)m,Ai(8) = [ Pi(g) for every My.

M, M,

From the well-known fact that the equality of the integrals yields the equality
of the characteristic forms, we conclude that P;(g) is the scalar multiple of the
A-roof genus,

(4.8) Py(g)4; = Pi(g),

or

(4.9) o= > c(i)Ai(g)ntr(wnQY).
4i42j=p—1

To determine the scalar c(v) let M; = S!', let W, be a trivial bundle over
S!, and let y' be any form with [y! # 0. Let V(u) have connection 1-
form uy, M, = TP~! a flat torus, and let W, be a bundle over M, so that
szchk_l(Wz) #0, k=(p-1)/2. Let M =M, x M, and W = W, @ W,.
Then

dn(&) _

@ /Mc(k)tr(y/nQ';V'I)z/Sl cthkyy | w@i)

(4.10)

On the other hand,
dn(<,) _ dn(<h)
du du

index(9)

(4.11) k-1
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Comparing the two last equations, we get

Vs AN
c(k)=c(1)( n ) k-1

That ¢(1) = vV—1/2n can be checked directly using the family of Dirac opera-
tors
d

1
u_ﬁd_G_u

on the unit circle S'. This completes the proof of Proposition 4.1.
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